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TOROIDAL ACTIONS ON LEVEL 1 MODULES OF Uq(ŝln).
YOSHIHISA SAITO, KOUICHI TAKEMURA AND DENIS UGLOV
Abstract. Recently Varagnolo and Vasserot established that the q-deformed Fock
spaces due to Hayashi, and Kashiwara, Miwa and Stern, admit actions of the quan-
tum toroidal algebra U ′q(sln,tor) (n ≥ 3) with the level (0, 1). In the present article
we propose a more detailed proof of this fact then the one given by Varagnolo
and Vasserot. The proof is based on certain non-trivial properties of Cherednik’s
commuting difference operators. The quantum toroidal action on the Fock space
depends on a certain parameter κ. We find that with a specific choice of this param-
eter the action on the Fock spaces gives rise to the toroidal action on irreducible
level-1 highest weight modules of the affine quantum algebra Uq(ŝln). Similarly,
by a specific choice of the parameter, the level (1, 0) vertex representation of the
quantum toroidal algebra gives rise to a U ′q(sln,tor)-module structure on irreducible
level-1 highest weight Uq(ŝln)-modules.
1. Introduction
Recently a new algebraic object – the quantum toroidal algebra U ′q(sln,tor) has been
introduced in [5], [13]. This quantum algebra is a q-deformation of the enveloping
algebra of a central extension of the Lie algebra sln[s
±1, t±1]. Several results concerning
representations of the quantum toroidal algebra were obtained [13], [10], [14]. One
of of these results is the Schur-type duality between representations of the toroidal
Hecke algebra and representations of U ′q(sln,tor) established by Varagnolo and Vasserot
[13]. This duality is analogous to the duality between affine Hecke algebra and the
quantum affine algebra U ′q(ŝln) given by Chari and Pressley [2]. It is known that
U ′q(sln,tor) contains two subalgebras U
(1)′
q (ŝln) and U
(2)′
q (ŝln) isomorphic to U
′
q(ŝln). A
module of U ′q(sln,tor) is said to have level (k, l) if the U
(1)′
q (ŝln)-action on this module
has level k and the U
(2)′
q (ŝln)-action has level l.
Representations of U ′q(sln,tor) obtained by the Varangolo-Vasserot duality have the
level (0, 0). They are analogues of level-0 modules of affine quantum algebras.
The first example of a toroidal module with a non-trivial level was constructed in
[10]. This vertex operator construction is an analogue of the Frenkel-Jing bosonization
for level-1 U ′q(ŝln)-modules. It gives a toroidal module with level (1, 0).We summarize
this bosonic construction in section 3.
Y.S. is supported by the JSPS Research Fellowship for Young Scientist.
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A q-fermionic construction of toroidal modules with non-trivial level has recently
been proposed in [14]. Origins of this construction lay in the theory of integrable
models with long-range interaction. It has been known for some time, starting with
the work [1], that level-1 highest weight modules of U ′q(ŝln) admit a level-0 action of
the same quantum affine algebra U ′q(ŝln) [7],[11]. In particular in [11] it was shown
that the Fock space module of U ′q(ŝln) [6, 8] is simultaneously a level-0 U
′
q(ŝln)-module.
The main result of the work [14] is that for n ≥ 3 the level-0 and level-1 actions
of U ′q(ŝln) on the Fock space are exactly actions of the subalgebras U
(1)′
q (ŝln) and
U
(2)′
q (ŝln) in the toroidal algebra, so that the Fock space may be regarded as a level
(0, 1) module of U ′q(sln,tor).
From our viewpoint the proof of this fact given in the Theorem of section 12 in the
paper [14] omits certain technical details – notably in the proof of the relations (6.9)
- (6.14) of the present work. One of our main objectives in this paper is to supply
these details by giving a complete proof, based on Lemmas 6 and 7, that the Fock
space is a module of the toroidal quantum algebra (Theorem 13). Let us emphasize
that the general idea of our proof is not new methodologically compared with the
idea of the proof in [14]. We arrived at this idea before the appearance of the work
[14]. However, at the time when the paper [14] became available to us we did not
know a complete proof of Theorem 13, specifically a proof of the relations (6.12) -
(6.14) in Lemma 7 was missing.
In this paper we will also show that the vertex representation of [10] is isomorphic
to the Fock space as a level-1 U ′q(ŝln)-module. This means that on the Fock space
we have two actions of the toroidal algebra – one action of level (1, 0) and another
action of level (0, 1) such that the action of the U
(1)′
q (ŝln)-subalgebra in the former
coincides with the action of the U
(2)′
q (ŝln)-subalgebra in the latter. We are not aware
of any good explanation of this phenomenon.
Apart from the matters discussed above we give a proof of irreducibility of the Fock
space as a U ′q(sln,tor)-module. We also demonstrate that irreducible highest weight
level-1 modules of U ′q(ŝln) admit actions of toroidal algebra with levels (1, 0) and (0, 1)
induced from the corresponding actions on the Fock space.
2. Definition of quantum toroidal algebras
2.1. Let sln be the semisimple Lie algebra of type An−1 and ŝln the affine Kac-Moody
Lie algebra of type A
(1)
n−1. We denote their Cartan subalgebras by h and ĥ. We denote
by α0, · · · , αn−1 the simple roots and by h0, · · · , hn−1 the simple coroots of ŝln. Let
P = ⊕n−1i=0 ZΛi ⊕ Zδ be the weight lattice. Here δ is the null root. Let Q = ⊕
n−1
i=0 Zαi
be the root lattice. Note that α0 = −Λn−1 + 2Λ0 − Λ1 + δ, αi = −Λi−1 + 2Λi − Λi+1
(1 ≤ i ≤ n − 1). Here the indices are extended cyclically such as Λi = Λi+n. Let
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P = ⊕n−1i=1 ZΛi be the classical weight lattice and Q = ⊕
n−1
i=1 Zαi the classical root
lattice. The inclusion of P into P is given by Λi = Λi − Λ0. We also set δ = 0.
We denote the pairing of h and h∗ (resp. ĥ and ĥ∗) by 〈 , 〉. The invariant bilinear
form on P is given by (αi|αj) = −δij−1 + 2δij − δij+1 and (δ|δ) = 0.
Let [k] = (qk − q−k)/(q − q−1) be the q-integers and denote [n]! =
∏n
k=1[k],
[
m
r
]
=
[m]!/([r]![m− r]!).
2.2. Uq(ŝln) is a Q(q)-algebra generated by the symbols Ei, Fi, K
±
i (i = 0, · · · , n−1)
q±d which satisfy the following defining relations:
K±i K
±
j = K
±
j K
±
i , K
+
i EjK
−
i = q
〈hi,αj〉Ej , K
+
i FjK
−
i = q
−〈hi,αj〉Fj,
K±i q
±d = q±dK±i , q
dEjq
−d = qδ0jEj , q
dFjq
−d = q−δ0jFj,
[Ei, Fj ] = δij
K+i −K
−
i
q − q−1
,
for i 6= j,
m∑
r=0
(−1)r
[
m
r
]
EriEjE
m−r
i ,
m∑
r=0
(−1)r
[
m
r
]
F ri FjF
m−r
i .
Here m = 〈hi, αj〉.
Let U ′q(ŝln) be the subalgebra generated by Ei, Fi, K
±
i (i = 0, · · · , n− 1).
The coproduct ∆ of Uq(ŝln) is given as follows:
∆(K±i ) = K
±
i ⊗K
±
i , ∆(q
±d) = q±d ⊗ q±d,
∆(Ei) = Ei ⊗K
+
i + 1⊗ Ei, ∆(Fi) = Fi ⊗ 1 +K
−
i ⊗ Fi.
2.3. We will give the definition of the quantum toroidal algebra Uq(sln,tor). Fix an
integer n ≥ 3 and κ ∈ Q(q)×.
Definition 1. The quantum toroidal algebra Uq(sln,tor) is an associative algebra over
Q(q) with generators :
Ei,k, Fi,k, Hi,l, K
±
i , q
± 1
2
c, q±d1 , q±d2,
for k ∈ Z, l ∈ Z\{0} and i = 0, 1, · · · , n− 1.
The relations are expressed in terms of the formal series
Ei(z) =
∑
k∈Z
Ei,kz
−k,
Fi(z) =
∑
k∈Z
Fi,kz
−k,
K±i (z) = K
±
i exp(±(q − q
−1)
∑
k≥1
Hi,±kz
∓k),
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as follows:
q±
1
2
c are central, (2.1)
K+i K
−
i = K
−
i K
+
i = 1, (2.2)
K±i (z)K
±
j (w) = K
±
j (w)K
±
i (z) (2.3)
θ−〈hi,αj〉(q
−cκmij
z
w
)K−i (z)K
+
j (w) = θ−〈hi,αj〉(q
cκmij
z
w
)K+j (w)K
−
i (z)
(2.4)
qd1K±i (z)q
−d1 = K±i (q
−1z), qd1Ei(z)q
−d1 = Ei(q
−1z), qd1Fi(z)q
−d1 = Fi(q
−1z),
(2.5)
[qd2 , K±i (z)] = 0, q
d2Ei(z)q
−d2 = qδi0Ei(z), q
d2Fi(z)q
−d2 = q−δi0Fi(z),
K±i (z)Ej(w) = θ∓〈hi,αj〉(q
− 1
2
cκ∓mijw±z∓)Ej(w)K
+
i (z) (2.6)
K±i (z)Fj(w) = θ±〈hi,αj〉(q
1
2
cκ∓mijw±z∓)Fj(w)K
+
i (z)
[Ei(z), Fj(w)] = δi,j
1
q − q−1
{δ(qc
w
z
)K+i (q
1
2
cw)− δ(qc
z
w
)K−i (q
1
2
cz)}
(2.7)
(κmijz − q〈hi,αj〉w)Ei(z)Ej(w) = (q
〈hi,αj〉κmijz − w)Ej(w)Ei(z) (2.8)
(κmijz − q−〈hi,αj〉w)Fi(z)Fj(w) = (q
−〈hi,αj〉κmijz − w)Fj(w)Fi(z)
∑
σ∈Sm
m∑
r=0
(−1)r
[
m
r
]
Ei(zσ(1)) · · ·Ei(zσ(r))Ej(w)Ei(zσ(r+1)) · · ·Ei(zσ(m)) = 0
(2.9)
∑
σ∈Sm
m∑
r=0
(−1)r
[
m
r
]
Fi(zσ(1)) · · ·Fi(zσ(r))Fj(w)Fi(zσ(r+1)) · · ·Fi(zσ(m)) = 0
where i 6= j and m = 1− 〈hi, αj〉.
In these formulas we denote θm(z) =
zqm−1
z−qm
for m ∈ Z, the θm(z) is to be regarded
as the expansion of the right-hand side above in non-negative powers of the argument
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z; δ(z) =
∑
k∈Z z
k, mij are the entries of the following n× n-matrix
M =

0 −1 0 . . . 0 1
1 0 −1 . . . 0 0
0 1 0 . . . 0 0
...
...
...
. . .
...
...
0 0 0 . . . 0 −1
−1 0 0 . . . 1 0
 .
Let U ′q(sln,tor) be the subalgebra of Uq(sln,tor) generated by Ei,k, Fi,k, K
±
i , Hi,l, q
± 1
2
c.
2.4. Let U
(1)′
q (ŝln) be the subalgebra of Uq(sln,tor) generated by Ei,k, Fi,k, K
±
i , Hi,l,
q±
1
2
c (1 ≤ i ≤ n − 1, k ∈ Z, l ∈ Z\{0}) and U
(1)
q (ŝln) the subalgebra generated
by U
(1)′
q (ŝln) and q
±d1 . Let U
(2)′
q (ŝln) the subalgebra of Uq(sln,tor) generated by
Ei,0, Fi,0, K
±
i (0 ≤ i ≤ n−1) and U
(2)
q (ŝln) the subalgebra generated by U
(2)′
q (ŝln) and
q±d2 .
The following lemma is already known [5], [13].
Lemma 1. Both U
(1)
q (ŝln) and U
(2)
q (ŝln) are isomorphic to Uq(ŝln).
Following [14] we will call the U
(1)′
q (ŝln) the vertical subalgebra of U
′
q(sln,tor) and
denote its Chevalley generators by ei, fi,k
±1
i (i ∈ {0, . . . , n − 1}). The U
(2)′
q (ŝln)
will accordingly be called the horizontal subalgebra and for its Chevalley generators
Ei,0, Fi,0, K
±
i we will use the notations Ei, Fi, K
±
i (i ∈ {0, . . . , n− 1}) respectively.
Lemma 2. U
(1)
q (ŝln) and U
(2)
q (ŝln) generate Uq(sln,tor).
Proof. Let U be the subalgebra of Uq(sln,tor) which is generated by U
(1)
q (ŝln) and
U
(2)
q (ŝln). It is enough to show that E0,k, F0,k, H0,l ∈ U . By the defining relations we
have
[H1,l, E0,k] = −
1
l
[ l ]q−
1
2
|l|cκ−lE0,k+l.
Since E0,0 and H1,l (l ∈ Z\{0}) are the elements of U we have E0,k ∈ U for any k.
Similarly we have F0,k, H0,l ∈ U .
Definition 2. Let V be a Uq(sln,tor)-module. We say that V has level (l1, l2) if V has
level lj as U
(j)
q (ŝln)-module (j = 1, 2).
On a level (l1, l2) module the generator q
1
2
c acts as the multiplication by q
1
2
l2 and
the element K0K1 . . .Kn−1 acts as the multiplication by q
l1 .
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3. The vertex representation
3.1. In this section we assume c = 1. Let us recall the results on the vertex repre-
sentation of the quantum toroidal algebra [10].
Let Sn be the subalgebra of Uq(sln,tor), generated by the Hi,l (0 ≤ i ≤ n − 1, l ∈
Z\{0}). By definition the commutation relations of {Hi,l} are following:
[Hi,k, Hj,l] = δk+l,0
1
k
[k〈hi, αj〉]
qk − q−k
q − q−1
κ−kmij .
Let Fn be the Fock space of Sn. That is, Fn is generated by the vacuum vector v0
and the defining relations are Hi,lv0 = 0 for l > 0.
3.2. We introduce a twisted group algebra Q(q){P} defined as the Q(q)-algebra
generated by symbols e±α2 , e±α3 , · · · , e±αn−1 , e±Λn−1 which satisfy the following rela-
tions:
eαieαj = (−1)〈hi,αj〉eαjeαi , eαieΛn−1 = (−1)δi,n−1eΛn−1eαi .
For α =
∑n−1
i=2 miαi+mnΛn−1 we denote e
α = (eα2)m2(eα3)m3 · · · (eαn−1)mn−1(eΛn−1)mn .
We denote by Q(q){Q} the subalgebra of Q(q){P} generated by eαi (1 ≤ i ≤ n−1).
Set
W (M) = Fn ⊗Q(q){Q}e
ΛM for 0 ≤M ≤ n− 1,
here we denote Λ0 = 0.
For i = 0, 1, · · · , n− 1 we denote
αi =
{
−
∑n−1
j=1 αj , i = 0,
αi, i 6= 0,
hi =
{
−
∑n−1
j=1 hj, i = 0,
hi, i 6= 0,
We define the operators on W (M), Hi,l, e
α, (α ∈ Q), ∂αi , z
Hi,0 (i = 0, 1, · · · , n−1)
and d as follows:
For v ⊗ eβ = Hi1,−k1 · · ·HiN ,−kNv0 ⊗ e
∑n−1
j=1 mjαj+ΛM ∈ W (M),
Hi,l(v ⊗ e
β) = (Hi,lv)⊗ e
β,
eα(v ⊗ eβ) = v ⊗ eαeβ,
∂αi(v ⊗ e
β) = 〈hi, β〉v ⊗ e
β,
zHi,0(v ⊗ eβ) = z〈hi,β〉κ
1
2
∑n−1
k=1 〈hi,mkαk〉mik(v ⊗ eβ),
d(v ⊗ eβ) = (−
N∑
s=1
ks −
(β|β)
2
+
(ΛM |ΛM)
2
)v ⊗ eβ .
Let us denote by U∗q
′(sln,tor) the subalgebra of Uq(sln,tor) generated byEi,k, Fi,k, K
±
i , Hi,l,
q±
1
2
c and q±d1 .
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Proposition 1. [10] Let c = 1. Then for each M and n, the following action gives
a U∗q
′(sln,tor)-module structure on W (M):
q
1
2
c 7→ q
1
2 ,
qd1 7→ qd,
Ei(z) 7→ exp(
∑
k≥1
Hi,−k
[k]
(q−1/2z)k) exp(
∑
k≥1
−
Hi,k
[k]
(q1/2z)−k)eαiz∂αi+1,
Fi(z) 7→ exp(
∑
k≥1
−
Hi,−k
[k]
(q1/2z)k) exp(
∑
k≥1
Hi,k
[k]
(q−1/2z)−k)e−αiz−∂αi+1,
K+i (z) 7→ exp((q − q
−1)
∑
k≥1
Hi,kz
−k)q∂αi ,
K−i (z) 7→ exp(−(q − q
−1)
∑
k≥1
Hi,−kz
k)q−∂αi
for 0 ≤ i ≤ n− 1. Moreover W (M) has level (1, 0) as a U∗q
′(sln,tor)-module.
Proposition 2. [10] As a U
(1)
q (ŝln)-module
chW (M) =
chL(ΛM )
ϕ(e−δ)
,
where L(ΛM) is the irreducible highest weight Uq(ŝln)-module with the highest weight
ΛM and ϕ(x) =
∏
k>0(1− x
k).
Definition 3. We say that κ ∈ Q(q)× is generic if for any k ∈ Z>0 the n×n-matrix
G(n, k, κ) = ([k〈hi, αj〉]κ
−kmij) is invertible.
Theorem 3. [10] If κ is generic then W (M) is irreducible U∗q
′(sln,tor)-module.
3.3. Non-generic case. We shall start the following lemma.
Lemma 3. If κ is not generic then κ ∈ {±q,±q−1}.
Proof. We assume detG(n, k, κ) = 0 for fixed k. By an easy calculation we have
detG(n, k, κ) = q−nk[k](qnk−κnk)(qnk−κ−nk). Therefore if nk is even then κ = ±q±1
and if nk is odd then κ = q±1. Thus we have the statement.
Until the end of this subsection we assume κ = q±1. Let B̂k =
∑n−1
i=0 Hi,k and Ŝ be
the algebra generated by B̂k (k ∈ Z\{0}). It is easy to see the following lemma.
Lemma 4. If κ = q±1 then [Hi,l, B̂k] = 0 for any i, k and l. Moreover Ŝ is an abelian
subalgebra of Uq(sln,tor).
By the above lemma and the definition of the action onW (M) we have the following
lemma immediately.
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Lemma 5. [Ŝ, U ′q(sln,tor)] = 0 on W (M).
Let Ŝ<0 = ⊕k<0Q(q){X ∈ Ŝ|q
d1Xq−d1 = qkX}. Set W (M)(1) = Ŝ<0W (M).
Proposition 4. If κ = q±1 then
(1) W (M)(1) is a proper U∗q
′(sln,tor)-submodule of W (M) and
(2) W (M)/W (M)(1) is an irreducible U∗q
′(sln,tor)-module.
Proof. (1) By Lemma 5W (M)(1) has a U∗q
′(sln,tor)-module structure. Since v0⊗e
ΛM
does not belong to W (M)(1), it is a proper submodule.
(2) As U
(1)
q (ŝln)-module the character of W (M) is already known (See Proposition
2). By the definition we have
chW (M)/W (M)(1) = chL(ΛM )
as U
(1)
q (ŝln)-module. ThusW (M)/W (M)
(1) ∼= L(ΛM) as U
(1)
q (ŝln)-module. Therefore
W (M)/W (M)(1) is irreducible.
Corollary 1. (1) If κ = q±1 then L(ΛM) has Uq(sln,tor)-module structure.
(2) Therefore we have another Uq(ŝln)-module structure on L(ΛM) with level 0.
4. Action of U ′q(sln,tor) on the finite wedge product
4.1. Toroidal Hecke algebra. Let q ∈ C×. The toroidal Hecke algebra of type glN ,
Htor is a unital associative algebra over C[x
±1, y±1] with generators T±1i , X
±1
j , Y
±1
j ,
i = 1, 2, . . . , N − 1, j = 1, 2, . . . , N and relations
TiT
−1
i = T
−1
i Ti = 1, (Ti + 1)(Ti − q
2) = 0,
TiTi+1Ti = Ti+1TiTi+1,
TiTj = TjTi if |j − i| > 1,
X0Y1 = xY1X0, XiXj = XjXi, YiYj = YjYi,
XjTi = TiXj, YjTi = TiYj if j 6= i, i+ 1 > 1,
TiXiTi = q
2Xi+1, T
−1
i YiT
−1
i = q
−2Yi+1,
X2Y
−1
1 X
−1
2 Y1 = q
−2yT 21 ,
where X0 = X1X2 · · ·XN . In Htor the subalgebras ĤN(q)
(1) generated by T±1i , Y
±1
j ,
and ĤN(q)
(2) generated by T±1i , X
±1
j are both isomorphic to the affine Hecke algebra.
And the subalgebra HN(q) generated by T
±1
i is isomorphic to the Hecke algebra of
type glN .
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Let p ∈ C× and consider the following operators in End(C[z±11 , . . . , z
±1
N ])
multiplication operator zi, i = 1, 2, . . . , N,
gi,j =
q−1zi−qzj
zi−zj
(Ki,j − 1) + q, 1 ≤ i 6= j ≤ N,
the family of N commutative Cherednik’s operators:
Y
(N)
i = g
−1
i,i+1Ki,i+1 · · · g
−1
i,NKi,Np
DiK1,ig1,i · · ·Ki−1,igi−1,i, i = 1, 2, . . . , N,
where Ki,j acts on C[z
±1
1 , . . . , z
±1
N ] by permuting variables zi, zj and p
Di is the differ-
ence operator
pDif(z1, . . . , zi, . . . , zN ) = f(z1, . . . , pzi, . . . , zN), f ∈ C[z
±1
1 , . . . , z
±1
N ].
The following result is due to I. Cherednik [3, 4]:
Proposition 5. The map
Ti 7→
c
Ti = −qg
−1
i,i+1, Xi 7→ zi, Yi 7→ q
1−NY
(N)
i , x 7→ p, y 7→ 1
(4.1)
defines a right action of Htor on C[z
±1
1 , . . . , z
±1
N ].
The commuting difference operators Y
(N)
1 , . . . , Y
(N)
N are called Cherednik’s opera-
tors.
Let V = Cn, with basis {v1, . . . , vn}. Then ⊗
NV admits a left HN(q)-action given
by
Ti 7→
s
Ti = 1
⊗i−1 ⊗
s
T ⊗ 1⊗
N−i−1
, where
s
T ∈ End(⊗2V ) (4.2)
and
s
T (vǫ1 ⊗ vǫ2) =

q2vǫ1 ⊗ vǫ2 if ǫ1 = ǫ2,
qvǫ2 ⊗ vǫ1 if ǫ1 < ǫ2,
qvǫ2 ⊗ vǫ1 + (q
2 − 1)vǫ1 ⊗ vǫ2 if ǫ1 > ǫ2.
(4.3)
4.2. q-wedge product. Let V (z) = C[z±1] ⊗ V, with basis {zm ⊗ vǫ}, m ∈ Z ,
ǫ ∈ {1, 2, . . . , n}. Often it will be convenient to set k = ǫ − nm and uk = z
m ⊗ vǫ.
Then {uk}, k ∈ Z is a basis of V (z). In what follows we will write z
mvǫ as a short-hand
for zm ⊗ vǫ, and use both notations: uk and z
mvǫ switching between them according
to convenience.
The two actions of the Hecke algebra are naturally extended on the tensor product
C[z±11 , . . . , z
±1
N ] ⊗ (⊗
NV ) so that
c
T i acts trivially on ⊗
NV and
s
T i acts trivially on
C[z±11 , . . . , z
±1
N ]. The vector space ⊗
NV (z) is identified with C[z±11 , . . . , z
±1
N ]⊗ (⊗
NV )
and the q-wedge product [8] is defined as the following quotient space:
∧N V (z) = ⊗NV (z)/
N−1∑
i=1
Ker
(
c
T i + q
2(
s
T i)
−1
)
. (4.4)
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Since for any i = 1, 2, . . . , N − 1 we have
Ker
(
c
T i + q
2(
s
T i)
−1
)
= Im
(
c
T i −
s
T i
)
(4.5)
the definition (4.4) is equivalent to
∧N V (z) = C[z±11 , . . . , z
±1
N ]⊗HN (q) (⊗
NV ). (4.6)
Let Λ : ⊗NV (z) → ∧NV (z) be the quotient map specified by (4.4). The image of
a pure tensor uk1 ⊗ uk2 ⊗ · · · ⊗ ukN under this map is called a wedge and is denoted
by
uk1 ∧ uk2 ∧ · · · ∧ ukN := Λ(uk1 ⊗ uk2 ⊗ · · · ⊗ ukN ). (4.7)
A wedge is normally ordered if k1 > k2 > · · · > kN . In [8] it is proven that normally
ordered wedges form a basis in ∧NV (z), and that any wedge is expressed as a linear
combination of normally ordered wedges by using the normal ordering rules:
ul ∧ um = −um ∧ ul, for l = m mod n, (4.8)
ul ∧ um = −qum ∧ ul + (q
2 − 1)(um−i ∧ ul+i − qum−n ∧ ul+n +
+q2um−n−i ∧ ul+n+i + . . . ), (4.9)
for l < m,m− l = i mod n, 0 < i < n.
The sum above continues as long as the wedges in the right-hand side are normally
ordered.
4.3. Action of the quantum toroidal algebra on the wedge product. In the
paper [13] the following result is proven
Theorem 6 (Varagnolo and Vasserot). Suppose that x = κ−nqn and y = 1. Then for
any right Htor-module R the vector space R⊗HN (q) (⊗
NV ) is a left U ′q(sln,tor)-module
with central charge (0, 0).
Moreover the action of the vertical subalgebra U
(1)′
q (ŝln) generated by ei, fi,k
±1
i
and the action of the horizontal subalgebra U
(2)′
q (ŝln) generated by Ei, Fi, K
±1
i (i =
0, 1, . . . , n − 1) are given on the space R ⊗HN (q) (⊗
NV ) as follows: Let m ∈ R and
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v ∈ ⊗NV, then
Ei(m⊗ v) = ei(m⊗ v) =
N∑
j=1
m⊗Ei,i+1j K
i
j+1 . . .K
i
Nv, (4.10)
Fi(m⊗ v) = fi(m⊗ v) =
N∑
j=1
m⊗ (Ki1)
−1 . . . (Kij−1)
−1Ei+1,ij v, (4.11)
Ki(m⊗ v) = ki(m⊗ v) = m⊗K
i
1K
i
2 . . .K
i
Nv, (i = 1, 2, . . . , n− 1)
(4.12)
e0(m⊗ v) =
N∑
j=1
mY −1j ⊗ E
n,1
j K
0
j+1 . . .K
0
Nv, (4.13)
f0(m⊗ v) =
N∑
j=1
mYj ⊗ (K
0
1)
−1 . . . (K0j−1)
−1E1,nj v, (4.14)
E0(m⊗ v) =
N∑
j=1
mXj ⊗ E
n,1
j K
0
j+1 . . .K
0
Nv, (4.15)
F0(m⊗ v) =
N∑
j=1
mX−1j ⊗ (K
0
1 )
−1 . . . (K0j−1)
−1E1,nj v, (4.16)
K0 = k0 = (K1K2 · · ·Kn−1)
−1. (4.17)
Here Ei,kj = 1
⊗j−1⊗Ei,k⊗1⊗
N−j
, where Ei,k ∈ End(V ) is the matrix unit in the basis
v1, . . . , vn, and K
i
j = q
Ei,ij −E
i+1,i+1
j , K0j = (K
1
jK
2
j · · ·K
n−1
j )
−1.
In view of the Theorem 6 and the Proposition 5 the wedge product ∧NV (z) is a
left U ′q(sln,tor)-module with κ = qp
− 1
n such that the action of the generators of the
vertical and the horizontal subalgebras is given by the formulas (4.10 - 4.17) where
for m ∈ C[z±11 , . . . , z
±1
N ] and v ∈ ⊗
NV we identify m⊗ v with Λ(m⊗ v), and use the
maps in the Proposition 5 to define a right action of Htor on C[z
±1
1 , . . . , z
±1
N ].
Sometimes we will denote the action of the vertical (horizontal) subalgebra on the
wedge product ∧NV (z) by U
(N)
0 (U
(N)
1 ).
The actions of Ei,k, Fi,k, Hi,l (1 ≤ i ≤ n − 1, k ∈ Z, l ∈ Z \ {0}) are determined
by the actions of the Chevalley generators of U
(1)′
q (ŝln).
To prove the Theorem 6 Varagnolo and Vasserot defined the following operator ψ
[13]:
ψ(m⊗ vǫ1 ⊗ vǫ2 ⊗ · · · ⊗ vǫN ) (4.18)
= mX
−δn,ǫ1
1 X
−δn,ǫ2
2 . . .X
−δn,ǫN
N ⊗ vǫ1+1 ⊗ vǫ2+1 ⊗ · · · ⊗ vǫN+1.
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In this notation we identify vn+1 = v1. By taking into account the relations of
the toroidal Hecke algebra, one can confirm that the action of ψ is well-defined on
R ⊗HN (q) (⊗
NV ).
The following proposition is proved in [13].
Proposition 7. Let Ei(z), Fi(z), K
±
i (z) be the series that specify actions of the gen-
erators of U ′q(sln,tor) on R⊗HN (q) (⊗
NV ). Then one has
ψ−1Ei(z)ψ = Ei−1(q
−1κz), ψ−2E1(z)ψ
2 = En−1(x
−1qn−2κ2−nz), (4.19)
ψ−1Fi(z)ψ = Fi−1(q
−1κz), ψ−2F1(z)ψ
2 = Fn−1(x
−1qn−2κ2−nz), (4.20)
ψ−1K±i (z)ψ = K
±
i−1(q
−1κz), ψ−2K±1 (z)ψ
2 = K±n−1(x
−1qn−2κ2−nz), (4.21)
where 2 ≤ i ≤ n− 1.
On the other hand, one can prove the following proposition [13] easily.
Proposition 8. Let W be a U
(1)′
q (ŝln)-module such that actions of the generators are
given by the series Ei(z), Fi(z), Hi(z) (1 ≤ i ≤ n − 1) (2.1 – 2.9). If there exists
ψ˜ ∈ End(W ) and κ ∈ C such that
ψ˜−1Ei(z)ψ˜ = Ei−1(q
−1κz), ψ˜−2E1(z)ψ˜
2 = En−1(q
−2κ2z), (4.22)
ψ˜−1Fi(z)ψ˜ = Fi−1(q
−1κz), ψ˜−2F1(z)ψ˜
2 = Fn−1(q
−2κ2z), (4.23)
ψ˜−1K±i (z)ψ˜ = K
±
i−1(q
−1κz), ψ˜−2K±1 (z)ψ˜
2 = K±n−1(q
−2κ2z), (4.24)
where 2 ≤ i ≤ n − 1, then the W is an U ′q(sln,tor)-module such that the actions of
E0(z), F0(z), H0(z) are given as follows:
E0(z) := ψ˜
−1E1(qκ
−1z)ψ˜, (4.25)
F0(z) := ψ˜
−1F1(qκ
−1z)ψ˜, (4.26)
K±0 (z) := ψ˜
−1K±1 (qκ
−1z)ψ˜. (4.27)
4.4. Semi-infinite wedge product. In the subsection 4.2, we defined the space
V (z), its basis {uk}, k ∈ Z and the space ∧
NV (z). In this section we define the semi-
infinite wedge product ∧
∞
2 V (z) and for any integer M its subspace FM [8]. Later we
will define a representation of U ′q(sln,tor) on this space.
Let ⊗
∞
2 V (z) be the space spanned by the vectors uk1 ⊗ uk2 ⊗ . . . , (ki+1 = ki −
1, i >> 1). We define the space ∧
∞
2 V (z) by the quotient of ⊗
∞
2 V (z):
∧
∞
2 V (z) := ⊗
∞
2 V (z)/
∞∑
i=1
Ker
(
c
T i + q
2(
s
T i)
−1
)
. (4.28)
Let Λ : ⊗
∞
2 V (z) → ∧
∞
2 V (z) be the quotient map specified by (4.28). The image of
a pure tensor uk1 ⊗ uk2 ⊗ . . . under this map is called a semi-infinite wedge and is
denoted by
uk1 ∧ uk2 ∧ · · · := Λ(uk1 ⊗ uk2 ⊗ . . . ). (4.29)
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A semi-infinite wedge is normally ordered if k1 > k2 > · · · and ki+1 = ki−1 (i >> 1).
In [8] it is proven that normally ordered semi-infinite wedges form a basis in ∧
∞
2 V (z).
Let UM be the subspace of ⊗
∞
2 V (z) spanned by the vectors uk1 ⊗ uk2 ⊗ . . . , (ki =
M − i+ 1, i >> 1). Let FM be the quotient space of UM defined by the map (4.29).
Then FM is a subspace of ∧
∞
2 V (z), and the vectors uk1 ∧ uk2 ∧ . . . , (k1 > k2 > · · · ,
ki = M − i + 1, i >> 1) form the basis of FM . We will call the space FM the Fock
space.
5. The two actions of U ′q(ŝln) on the Fock space
5.1. Level-zero action of U ′q(ŝln) on the Fock space. Here we define a level-0
action of U ′q(ŝln) on FM (M ∈ Z) following the paper [11]. The definition we give
below is equivalent to the one given in [11]. However, compared to [11], we change
slightly the precise wording so as to make the idea of this definition more transparent.
Let e := (ǫ1, ǫ2, . . . , ǫN ) where ǫi ∈ {1, 2, . . . , n}. For a sequence e we set
ve := vǫ1 ⊗ vǫ2 ⊗ · · · ⊗ vǫN (∈ ⊗
NCn). (5.1)
A sequence m := (m1, m2, . . . , mN) from Z
N is called n-strict if it contains no more
than n equal elements of any given value. Let us define the sets MnN and E(m) by
MnN := {m = (m1, m2, . . . , mN) ∈ Z
N | m1 ≤ m2 ≤ · · · ≤ mN , m is n-strict },
(5.2)
and for m ∈MnN
E(m) := {e = (ǫ1, ǫ2, . . . , ǫN ) ∈ {1, 2, . . . , n}
N | ǫi > ǫi+1 for all i s.t. mi = mi+1 }.
(5.3)
In these notations the set
{w(m, e) := Λ(zm ⊗ ve) ≡ z
m1vǫ1 ∧ z
m2vǫ2 ∧ · · · ∧ z
mN vǫN | m ∈M
n
N , e ∈ E(m)}.
(5.4)
is nothing but the base of the normally ordered wedges in ∧NV (z). We will use the
notation w(m, e) exclusively for normally ordered wedges.
Similarly for a semi-infinite wedge w = uk1∧uk2∧ . . . = z
m1vǫ1∧z
m2vǫ2 ∧ . . . , such
that w ∈ FM , the semi-infinite sequences m = (m1, m2, . . . ) and e = (ǫ1, ǫ2, . . . )
are defined by ki = ǫi − nmi, ǫi ∈ {1, 2, . . . , n}, mi ∈ Z. In particular the m- and e-
sequences of the vacuum vector in FM will be denoted by m
0 and e0:
|M〉 = uM ∧ uM−1 ∧ uM−2 ∧ . . . = z
m01vǫ01 ∧ z
m02vǫ02 ∧ z
m03vǫ03 ∧ · · · .
(5.5)
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The Fock space FM is Z≥0-graded. For any semi-infinite wedge w = uk1 ∧uk2 ∧ . . .
≡ zm1vǫ1 ∧ z
m2vǫ2 ∧ . . . ∈ FM the degree |w| is defined by
|w| =
∑
i≥1
m0i −mi. (5.6)
Later we will see that the FM is a toroidal module. In this module the degree generator
d2 acts as the grading operator whose eiegenvalue on a normally ordred wedge w is
equal to the degree (5.6). Clearly the degree is a finite non-negative integer for any
wedge uk1 ∧ uk2 ∧ . . . in FM because of the asymptotic condition ki = M − i + 1,
i >> 1. Let us denote by F kM ⊂ FM the homogeneous component of degree k.
We will define a level-zero action of U ′q(ŝln) on the Fock space FM in such a way
that each homogeneous component F kM will be invariant with respect to this action.
Throughout this section we fix an integer M and s ∈ {0, 1, 2, . . . , n − 1} such that
M = s mod n.
Let l be a non-negative integer and define V s+nlM ⊂ ∧
s+nlV (z) as follows:
V s+nlM =
⊕
m∈Mn
s+nl,e∈E(m)
ms+nl≤m
0
s+nl
Cw(m, e). (5.7)
Notice that the condition ms+nl ≤ m
0
s+nl in this definition is equivalent to the condi-
tion
mi ≤ m
0
i for all i = 1, 2, . . . , s+ nl (5.8)
since the sequence m is n-strict and non-decreasing.
The vector space V s+nlM has a grading similar to the grading of the Fock space FM .
In this case the degree |w| of a wedge w = uk1 ∧ uk2 ∧ · · · ∧ uks+nl ≡ z
m1vǫ1 ∧ z
m2vǫ2 ∧
· · · ∧ zms+nlvǫs+nl ∈ V
s+nl
M is defined by
|w| =
s+nl∑
i=1
m0i −mi. (5.9)
Due to (5.8) the degree is a non-negative integer, and for k ∈ Z≥0 we denote by
V s+nl,kM the homogeneous component of degree k.
The following result is contained in the paper [11]:
Proposition 9. For each k ∈ Z≥0 the homogeneous component V
s+nl,k
M ⊂ ∧
s+nlV (z)
is invariant under the U
(1)′
q (ŝln)-action U
(s+nl)
0 defined in section 4.3.
Definition 4. For each k ∈ Z≥0 define a map ρ
M,k
l : V
s+nl,k
M → FM by setting for w
∈ V s+nl,kM
ρM,kl (w) = w ∧ |M − s− nl〉. (5.10)
Clearly we have |ρM,kl (w)| = |w| and hence ρ
M,k
l : V
s+nl,k
M → F
k
M for all k ∈ Z≥0.
TOROIDAL ACTIONS 15
Proposition 10. When l ≥ k the map ρM,kl is an isomorphism of vector spaces.
Proof. (Surjectivity) If a normally ordered wedge w = uk1 ∧uk2 ∧ . . . belongs to F
k
M
then ki =M − i+ 1 for all i ≥ s+ nk + 1. For if otherwise, the degree of w must be
greater or equal to k + 1 (Cf. Proposition 5(ii) in [11]). Thus when l ≥ k we have
w = w(s+nl) ∧ |M − s − nl〉, and w(s+nl) ∈ V
s+nl,k
M . Since a basis of F
k
M is formed by
normally ordered wedges, the surjectivity follows.
(Injectivity) If w, w′ ∈ V s+nl,kM are two distinct normally ordered wedges, then
w∧|M−s−nl〉, w′∧|M−s−nl〉 are distinct and, as implied by the definition (5.7),
normally ordered wedges in F kM . Thus the injectivity follows.
This proposition has an immediate corollary:
Corollary 2. For each triple of non-negative integers k, l,m such that k ≤ l < m
the map ρM,kl,m : V
s+nl,k
M → V
s+nm,k
M , defined for any w ∈ V
s+nl,k
M by
ρM,kl,m (w) = w ∧ uM−s−nl ∧ uM−s−nl−1 ∧ · · · ∧ uM−s−nm+1, (5.11)
is an isomorphism of vector spaces.
Moreover we have a stronger statement:
Proposition 11. For each triple of non-negative integers k, l,m such that k ≤ l < m
the map ρM,kl,m : V
s+nl,k
M → V
s+nm,k
M is an isomorphism of the U
′
q(ŝln)-modules.
Proof. In the proof of this and some of the subsequent propositions the following
lemma concerning the Cherednik’s operators and proved in the paper [11] plays an
essential role:
Lemma 6. Let m = (m1, m2, . . . , mN ) ∈ Z
N be a sequence such that:
m1, m2, . . . , mN−k < mN−k+1 = mN−k+2 = · · · = mN ≡ t; 1 ≤ k ≤ N.
(5.12)
Then the following relations hold:
for 0 ≤ l ≤ k − 1 zm(Y
(N)
N−l)
±1 = p±tq±(2k−2l−N−1)zm + [. . . ] ,
(5.13)
for 1 ≤ i ≤ N − k zm(Y
(N)
i )
±1 = q±kzm(Y
(N−k)
i )
±1 + [. . . ] ,
(5.14)
where [. . . ] signifies a linear combination of monomials zn ≡ zn11 z
n2
2 . . . z
nN
N such that:
n1, n2, . . . , nN ≤ t, and #{ni|ni = t} < k. (5.15)
To prove the proposition it is sufficient to assume thatm is equal to l+1. And since
the isomorphism of the linear spaces has been already established in the Corollary
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2 we must now show that for any generator a of U ′q(ŝln) and any w ∈ V
s+nl,k
M the
following intertwining relation takes place:
a(s+nl+n)ρM,kl,l+1(w) = ρ
M,k
l,l+1a
(s+nl)(w) (k ≤ l). (5.16)
Here a(N) represents the action of the generator a in U
(N)
0 .
Let m′ ∈Mns+nl and e
′ ∈ E(m′) be such that w(m′, e′) ∈ V s+nl,kM and take in (5.16
) w = w(m′, e′) and a = f0. And let m ∈M
n
s+nl+n and e ∈ E(m) be such that
w(m, e) = ∧(zm ⊗ ve) = w(m
′, e′) ∧ uM−s−nl ∧ uM−s−nl−1 ∧ · · · ∧ uM−s−nl−n+1,
(5.17)
so that w(m, e) = ρM,kl,l+1(w(m
′, e′)). (5.18)
Now act with f
(s+nl+n)
0 on w(m, e):
f
(s+nl+n)
0 w(m, e) = Λ(
s+nl+n∑
j=1
q1−(s+nl+n)zmY
(s+nl+n)
j ⊗ (K
0
1 )
−1 . . . (K0j−1)
−1E1,nj ve).
(5.19)
Lemma 6 where we take N = s+ nl+ n, k = n, t = m0s+nl+n and the normal ordering
rules allow us to write
f
(s+nl+n)
0 w(m, e) = (f
(s+nl)
0 w(m
′, e′)) ∧ uM−s−nl ∧ uM−s−nl−1 ∧ · · · ∧ uM−s−nl−n+1 +
+ pm
0
s+nl+nq2(1−nl−n−s) ((k
(s+nl)
0 )
−1w(m′, e′)) ∧
∧ uM−s−nl−n+1 ∧ uM−s−nl−1 ∧ uM−s−nl−2 ∧ · · · ∧ uM−s−nl−n+1 + w˜, (5.20)
where the w˜ is a linear combination of normally ordered wedges w(n, τ), n ∈Mns+nl+n,
τ ∈ E(n) such that for the sequence n = (n1, n2, . . . , ns+nl+n) we have
n1, n2, . . . , ns+nl+n ≤ m
0
s+nl+n, (5.21)
and #{ni|ni = m
0
s+nl+n} < n. (5.22)
The inequality (5.22) implies, in particular, that ns+nl+1 < m
0
s+nl+1 = m
0
s+nl+n. And
from the last inequality it follows that degree of the wedge w(n, τ) is greater or equal
to l+ 1 (Cf. Proposition 5(ii) in [11]). Since the degree of f
(s+nl+n)
0 w(m, e) equals to
the degree of w(m, e) and equals to k, and since the degrees of the first two summands
in (5.20) are equal to k as well, taking the condition k ≤ l into account we find that
w˜ equals to zero.
Now consider the second summand in (5.20). Lemma 2.2 in [8] shows that
uM−s−nl−n+1 ∧ uM−s−nl−1 ∧ uM−s−nl−2 ∧ · · · ∧ uM−s−nl−n+1 = 0.
(5.23)
Therefore we have
f
(s+nl+n)
0 w(m, e) = (f
(s+nl)
0 w(m
′, e′)) ∧ uM−s−nl ∧ uM−s−nl−1 ∧ · · · ∧ uM−s−nl−n+1,
(5.24)
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which proves (5.16) for a = f0.
The proof of (5.16) for the rest of the U ′q(ŝln)-generators is carried out in the same
way.
Now we make the final step and define on the vector space F kM a level-zero action
of U ′q(ŝln) by using Propositions 10 and 11:
Definition 5. The vector space F kM is a level-0 module of U
′
q(ŝln) with the action U0
defined by
U0 = ρ
M,k
l U
(s+nl)
0 ρ
M,k
l
−1
where l ≥ k. (5.25)
Due to proposition 11 this definition does not depend on the choice of l as long as
l is greater or equal to k. Since we have
FM =
⊕
k≥0
F kM (5.26)
the level-0 action U0 extends to the entire Fock space FM .
5.2. Level-one action of U ′q(ŝln) on the Fock space. In this section we review
the level-one action of U ′q(ŝln) on the Fock space FM [8].
First we define the action of U ′q(ŝln) (generated by Ei, Fi, Ki, i = 0, . . . , n − 1)
on the vector |M ′〉 as follows.
Ei|M
′〉 = 0, (5.27)
Fi|M
′〉 =
{
uM ′+1 ∧ uM ′−1 ∧ uM ′−2 ∧ · · · if i ≡ M
′ mod n;
0 otherwise,
(5.28)
Ki|M
′〉 =
{
q|M ′〉 if i ≡M ′ mod n;
|M ′〉 otherwise,
(5.29)
For every element v ∈ FM , there exist N such that
v = v(N) ∧ |M −N〉, v(N) ∈ ∧NV (z). (5.30)
We define the action of Ei, Fi, Ki, i = 0, . . . , n− 1 on the vector v as follows.
Eiv := Eiv
(N) ∧Ki|M −N〉 + v
(N) ∧ Ei|M −N〉, (5.31)
Fiv := Fiv
(N) ∧ |M −N〉+K−1i v
(N) ∧ Fi|M −N〉, (5.32)
Kiv := Kiv
(N) ∧Ki|M −N〉. (5.33)
The actions of Ei, Fi, Ki, i = 0, . . . , n− 1 on v
(N) are determined in the section 4.3.
The definition of the actions on v does not depend on N and is well–defined, and we
can easily check that the U ′q(ŝln)-module defined in this section is level-1. We will
use the notation U1 for this U
′
q(ŝln)-action on the Fock space.
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6. Action of U ′q(sln,tor) on the Fock space FM
6.1. Action of U ′q(sln,tor) on the Fock space FM . On the module defined in 4.3,
the map (4.18) can be written in the wedge notation as follows
ψN (uk1 ∧ uk2 ∧ · · · ∧ ukN ) = uk1+1 ∧ uk2+1 ∧ · · · ∧ ukN+1 (6.1)
For the toroidal action on ∧NV (z) = ⊗NV (z)/
∑N−1
i=1 Ker
(
c
T i + q
2(
s
T i)
−1
)
, we get
the following relations
ψ−1N Ei(z)ψN = Ei−1(q
−1κz), ψ−2N E1(z)ψ
2
N = En−1(q
−2κ2z), (6.2)
ψ−1N Fi(z)ψN = Fi−1(q
−1κz), ψ−2N F1(z)ψ
2
N = Fn−1(q
−2κ2z), (6.3)
ψ−1N K
±
i (z)ψN = K
±
i−1(q
−1κz), ψ−2N K
±
1 (z)ψ
2
N = K
±
n−1(q
−2κ2z), (6.4)
where i ∈ {2, . . . , n− 1} and κ = p−1/nq.
On the space ∧
∞
2 V (z), we introduce the following map
ψ∞(uk1 ∧ uk2 ∧ . . . ) := uk1+1 ∧ uk2+1 ∧ . . . . (6.5)
Note that ψ∞(FM) = FM+1.
Proposition 12. For each vector v ∈ ∧
∞
2 V (z) and i ∈ {2, . . . , n− 1} we have
ψ−1∞ Ei(z)ψ∞v = Ei−1(q
−1κz)v, ψ−2∞ E1(z)ψ
2
∞v = En−1(q
−2κ2z)v, (6.6)
ψ−1∞ Fi(z)ψ∞v = Fi−1(q
−1κz)v, ψ−2∞ F1(z)ψ
2
∞v = Fn−1(q
−2κ2z)v, (6.7)
ψ−1∞ K
±
i (z)ψ∞v = K
±
i−1(q
−1κz)v, ψ−2∞ K
±
1 (z)ψ
2
∞v = K
±
n−1(q
−2κ2z)v. (6.8)
Here the action of U
(1)′
q (ŝln) is the action U0 defined in section 5.1 and κ = p
−1/nq.
Proof. To prove this proposition we need the following lemma.
Lemma 7. Let k, l, N be integers satisfying l ≥ k and N = s + ln. Here s is the
integer such that s ≡ M mod n, 0 ≤ s ≤ n− 1. Assume v ∈ V s+ln,kM then we have
Ei(z)(v ∧ uM−N) = (Ei(z) · v) ∧ uM−N , (6.9)
Fi(z)(v ∧ uM−N) = (Fi(z) · v) ∧ uM−N , (6.10)
K±i (z)(v ∧ uM−N) = (K
±
i (z) · v) ∧ uM−N , (6.11)
En−1(z)(v ∧ uM−N ∧ uM−N−1) = (En−1(z) · v) ∧ uM−N ∧ uM−N−1, (6.12)
Fn−1(z)(v ∧ uM−N ∧ uM−N−1) = (Fn−1(z) · v) ∧ uM−N ∧ uM−N−1, (6.13)
K±n−1(z)(v ∧ uM−N ∧ uM−N−1) = (K
±
n−1(z) · v) ∧ uM−N ∧ uM−N−1, (6.14)
where 1 ≤ i ≤ n− 2.
Proof. By the relations (2.6), (2.7), we can show that for each i (1 ≤ i ≤ n− 1) the
subalgebra in U
(1)
q (ŝln) generated by Ei,l′, Fi,l′, Hi,m′ , K
±
i (l
′ ∈ Z, m′ ∈ Z \ {0}) is,
in fact, generated by only the elements Ei,0, Fi,0, K
±
i , Fi,1 and Fi,−1. By the definition
of the representation, every generator of U
(1)′
q (ŝln) preserves the degree in the sense
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of (5.6). So it is sufficient to show that the actions of Ei,0, Fi,0, K
±
i , Fi,1 and Fi,−1
satisfy the relations (6.9– 6.14). For the case Ei,0, Fi,0, K
±
i , by the definition of the
actions (4.10–4.12) we can check that that Ei,0, Fi,0, K
±
i satisfy the relations (6.9–
6.14) directly. Let us show that
Fi,±1(v ∧ z
mvn) = (Fi,±1 · v) ∧ z
mvn, (6.15)
Fn−1,±1(v ∧ z
mvn ∧ z
mvn−1) = (Fn−1,±1 · v) ∧ z
mvn ∧ z
mvn−1, (6.16)
where v ∈ V s+ln,kM (1 ≤ i ≤ n− 2) and m is such that uM−(s+nl) = z
mvn.
We will prove (6.16). In the proof we will use the two different notations:
uk1 ∧ uk2 ∧ · · · ∧ ukN+2 or Λ(z
m ⊗ ve) (6.17)
where ki = ǫi −Nmi and m = (m1, . . . , mN+2), e = (ǫ1, . . . , ǫN+2)
(6.18)
for an element from ∧N+2V (z) = C[z±11 , · · · z
±1
N+2]⊗ (⊗
N+2V )/
∑N+1
i=1 Im(
c
Ti −
s
Ti).
For any M ′,M ′′ (1 ≤ M ′ ≤ M ′′ ≤ N + 2), we define the U ′q(ŝln)–action on the
space C[z±11 , . . . z
±1
N+2]⊗ (⊗
N+2V ) in terms of the Chevalley generators:
ei(P (z)⊗ w) =
M ′′∑
j=M ′
P (z)⊗ Ei,i+1j K
i
j+1 . . .K
i
M ′′w, (6.19)
fi(P (z)⊗ w) =
M ′′∑
j=M ′
P (z)⊗ (KiM ′)
−1 . . . (Kij−1)
−1Ei+1,ij w. (6.20)
ki(P (z)⊗ w) = P (z)⊗ (K
i
M ′K
i
M ′+1 . . .K
i
M ′′)w. (6.21)
e0(P (z)⊗ w) =
M ′′∑
j=M ′
P (z) · (q−N−1Y
(N+2)
j )
−1 ⊗ En,1j K
0
j+1 . . .K
0
M ′′w,
(6.22)
f0(P (z)⊗ w) =
M ′′∑
j=M ′
P (z) · (q−N−1Y
(N+2)
j )⊗ (K
0
M ′)
−1 . . . (K0j−1)
−1E1,nj w.
(6.23)
k0(P (z)⊗ w) = P (z)⊗ (K
0
M ′K
0
M ′+1 . . .K
0
M ′′)w. (6.24)
Here i = 1, . . . n − 1, El,l
′
j = 1
⊗j−1 ⊗ El,l
′
⊗ 1⊗
N+2−j
, Kij = q
Ei,ij −E
i+1,i+1
j , K0j =
(K1jK
2
j · · ·K
n−1
j )
−1, P (z) ∈ C[z±11 , . . . z
±1
N+2] and w ∈ ⊗
N+2V . This action is well–
defined because of the commutativity of Y
(N+2)
i (i = 1, . . . , N + 2). The actions of
the Drinfel’d generators are determined by the actions of the Chevalley generators.
Let X be an element of U ′q(ŝln), then we define the action X
(∗) on the space
C[z±11 , . . . z
±1
N+2]⊗ (⊗
N+2V ) by (6.19–6.24) and M ′ = 1, M ′′ = N .
We define the action X(∗∗) on the space C[z±11 , . . . z
±1
N+2]⊗ (⊗
N+2V ) by (6.19–6.24)
and M ′ = N + 1, M ′′ = N + 2.
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We also define the action X{j} (j = 1, . . . , N + 2) on the space C[z±11 , . . . z
±1
N+2] ⊗
(⊗N+2V ) by (6.19–6.24) and M ′ = j, M ′′ = j.
With these definitions, for any two elements X and Y from U ′q(ŝln), the operators
X(∗) and Y (∗∗) commute. This shows that if we have ∆X =
∑
ν Yν⊗Zν thenX(P (z)⊗
w) =
∑
ν Y
(∗)
ν Z
(∗∗)
ν (P (z)⊗ w).
The following equations are satisfied modulo Λ(UN
(∗)
+ · (UN
2
−)
(∗∗)(P (z)⊗w)). Here
UN+, UN
2
− are the left ideals generated by {Ei,k′}, {Fi,k′Fj,l′}.
Fn−1,1Λ(P (z)⊗ w) ≡ Λ((K
(∗)
n−1F
(∗∗)
n−1,1 + F
(∗)
n−1,1)(P (z)⊗ w)), (6.25)
Fn−1,−1Λ(P (z)⊗ w) ≡ Λ(((K
(∗)
n−1)
−1F
(∗∗)
n−1,−1 + F
(∗)
n−1,−1 (6.26)
+ (q−1 − q)(K
(∗)
n−1)
−1H
(∗)
n−1,−1F
(∗∗)
n−1,0)(P (z)⊗ w)),
P (z)⊗ w ∈ C[z±11 , . . . , z
±1
N+2]⊗ (⊗
N+2V ).
These equations follow from the the coproduct formulas which have been obtained in
[9] Prop. 3.2.A:
∆(Fi,1) ≡ Ki ⊗ Fi,1 + Fi,1 ⊗ 1 mod UN+ ⊗ UN
2
−, (6.27)
∆(Fi,−1) ≡ K
−1
i ⊗ Fi,−1 + Fi,−1 ⊗ 1 (6.28)
+(q−1 − q)K−1i Hi,−1 ⊗ Fi,0 mod UN+ ⊗ UN
2
−.
Now we will show the equality
Λ(Fn−1,±1(P (z)⊗ w)) = Λ(F
(∗)
n−1,±1(P (z)⊗ w)). (6.29)
where
P (z) = zm11 z
m2
2 · · · z
mN+2
N+2 , w = vǫ1 ⊗ · · · vǫN+2 , and (6.30)
mN+1 = mN+2 = m, mi < m (i = 1, . . . , N),
|Λ(P (z)⊗ w))| = k, ǫN+1 = n, ǫN+2 = n− 1.
First let us prove that any element in UN
(∗)
+ ·(UN
2
−)
(∗∗) annihilates a vector P (z)⊗w
that satisfies (6.30). It is enough to show that
(F
(∗∗)
i′,k′F
(∗∗)
j′,l′ )(z
m
N+1z
m
N+2v¯ ⊗ (vn ⊗ vn−1)) = 0, (6.31)
for v¯ ∈ C[z±11 , . . . , z
±1
N ]⊗ (⊗
NV ).
This follows immediately from the observation that wt(vn) + wt(vn−1)− αi′ − αj′
is not a weight of ⊗2V .
Next we will show that Λ(F
(∗∗)
n−1,±1(P (z)⊗w)) = 0, (P (z) and w satisfy (6.30)). By
the formulas (6.27) and (6.28), we have the following identities modulo
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Λ(UN
{N+1}
+ (UN
2
−)
{N+2}(P (z)⊗ w)):
Λ(F
{N+2}
n−1,1 (P (z)⊗ w)) ≡ Λ((K
{N+1}
n−1 F
{N+2}
n−1,1 + F
{N+1}
n−1,1 )(P (z)⊗ w)),
(6.32)
Fn−1,−1Λ(P (z)⊗ w) ≡ Λ(((K
{N+1}
n−1 )
−1F
{N+2}
n−1,−1 + F
{N+1}
n−1,−1 (6.33)
+ (q−1 − q)(K
{N+1}
n−1 )
−1H
{N+1}
n−1,−1F
{N+2}
n−1,0 )(P (z)⊗ w)),
≡ Λ(((K
{N+1}
n−1 )
−1F
{N+2}
n−1,−1 + F
{N+1}
n−1,−1
+ (q−1 − q)[E
{N+1}
i,0 , F
{N+1}
i,−1 ]F
{N+2}
n−1,0 )(P (z)⊗ w)),
here we used the relation [Ei,0, Fi,−1] = K
−
i Hi,−1 which is proved by (2.7). The
following formula is essentially written in [9] Prop. 3.2.B:
F
{l}
i,±1(P
′(z)⊗ (⊗N+2j=1 vǫj )) (6.34)
= P ′(z)(qi(q−N−1Y
(N+2)
l )
−1)±1 ⊗ (⊗l−1j=1vǫj)⊗ δi,ǫlvi+1 ⊗ (⊗
N+2
j=l+1vǫj),
where P ′(z) ∈ C[z±11 , . . . , z
±1
N+2] and vj ∈ C
n.
By the formula (6.34), we have (UN
{N+1}
+ (UN
2
−)
{N+2}(P (z)⊗w)) = 0, and by the
formula (6.34), Lemma 6 (5.13) and the normal ordering rules, we get
Λ(F
(∗∗)
n−1,±1(P (z)⊗ w) (6.35)
= Λ(α±1z
m
N+1z
m
N+2v¯ ⊗ vn ⊗ vn) + w˜.
Here α±1 are certain coefficients, v¯ ∈ C[z
±1
1 , . . . , z
±1
N ]⊗ (⊗
NV ) and w˜ is a linear com-
bination of normally ordered wedges w(n, τ), n ∈Mns+nl+2, τ ∈ E(n) (see subsection
5.1) such that for the sequence n = (n1, n2, . . . ns+nl+2) we have
n1, n2, . . . , ns+nl+2 ≤ m, and #{ni|ni = m} < 2. (6.36)
The inequality (6.36) implies, in particular, that ns+nl+1 < m. By the definition of
the space ∧N+2V (z), we have Λ(zmN+1z
m
N+2v¯ ⊗ vn ⊗ vn) = 0.
Assume w˜ 6= 0. From the inequality ns+nl+1 < m it follows that |w˜| ≥ l + 1 (Cf.
Proposition 5(ii) in [11]). On the other hand we have |w˜| = |Λ(P (z)⊗ w)| = k. By
the condition k ≤ l this is a contradiction. Therefore we conclude that w˜ = 0, and
hence Λ(F
(∗∗)
n−1,±1(P (z)⊗ w)) = 0.
Let us prove Λ((K
(∗)
n−1)
−1H
(∗)
n−1,−1F
(∗∗)
n−1,0(P (z)⊗ w)) = 0.
We have
Λ((K
(∗)
n−1)
−1H
(∗)
n−1,−1F
(∗∗)
n−1,0(z
m
N+1z
m
N+2v¯ ⊗ (vn ⊗ vn−1))) (6.37)
= Λ((K
(∗)
n−1)
−1H
(∗)
n−1,−1(z
m
N+1z
m
N+2v¯ ⊗ (vn ⊗ vn))),
here v¯ ∈ C[z±11 , . . . , z
±1
N ] ⊗ (⊗
NV ). Since H
(∗)
n−1,−1 belongs to the algebra generated
by the operators e
(∗)
i , f
(∗)
i , (k
(∗)
i )
± (i = 0, . . . , n− 1), H
(∗)
n−1,−1 belongs to the algebra
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generated by the operators (Y
(N+2)
j )
±1, El,l
′
j (1 ≤ j ≤ N, 1 ≤ l, l
′ ≤ n). By Lemma
6 (5.14) and the normal ordering rules, we have
Λ((K
(∗)
n−1)
−1H
(∗)
n−1,−1(z
m
N+1z
m
N+2v¯ ⊗ (vn ⊗ vn))) (6.38)
= Λ(zmN+1z
m
N+2v˜ ⊗ (vn ⊗ vn)) + w˜.
Here v˜ ∈ C[z±11 , . . . , z
±1
N ] ⊗ (⊗
NV ) and w˜ is the element which has the property
written after the relation (6.35). By the previous discussion we have w˜ = 0.
Thus we have shown (6.29). To prove (6.16) we must show that in the right-hand
side of the last equation we can replace q1−(N+2)Y
(N+2)
i by q
1−NY
(N)
i (1 ≤ i ≤ N). By
Lemma 6 (5.14), for 1 ≤ i ≤ N and a sequence m = (m1, m2, . . .mN+2) ∈ Z
N such
that m1, m2, . . .mN < mN+1 = mN+2 = m we have:
zm(Y
(N+2)
i )
±1 = q±2zm(Y
(N)
i )
±1 + [. . . ], (6.39)
where [. . . ] signifies a linear combination of monomials zn ≡ zn11 z
n2
2 . . . z
nN+2
N+2 such
that n1, n2, . . . , nN+2 ≤ m and #{ni|ni = m} < 2. By the normal ordering rules, we
can write
Λ(q1−(N+2)Y
(N+2)
i (z
m
N+1z
m
N+2v¯ ⊗ (vn ⊗ vn−1))) (6.40)
= Λ(q1−NY
(N)
i (z
m
N+1z
m
N+2v¯ ⊗ (vn ⊗ vn−1))) + w˜,
where v¯ ∈ C[z±11 , . . . , z
±1
N ] ⊗ (⊗
NV ) and the w˜ again has the same meaning as the
w˜ in relation (6.35). Repeating the discussion after (6.35) we can show that w˜ = 0.
Hence we get (6.16).
To prove (6.15), consider the tensor product C[z±11 , · · · , z
±1
N+1]⊗(⊗
NV )⊗V , use the
formulas (6.27), (6.28) and continue the proof in a way that is completely analogous
to the proof of (6.16).
Now we proceed with the proof of Proposition 12. It is sufficient to show the
statement of the proposition for the vector v such that v ∈ F kM . We put v = v(N) ∧
|M −N〉, where v(N) ∈ V
N,k
M , N = s+ ln as in Lemma 7. By Proposition 8, Lemma 7
(6.9) - (6.11) and the relation (6.5), we can show the following relations (X = E, F
or K±1, 2 ≤ i ≤ n− 1):
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Xi−1(q
−1κz) · v (6.41)
= (Xi−1(q
−1κz)v(N)) ∧ uM−N ∧ |M −N − 1〉
= Xi−1(q
−1κz)(v(N) ∧ uM−N) ∧ |M −N − 1〉
= (ψ−1N+1Xi(z)ψN+1(v(N) ∧ uM−N)) ∧ |M −N − 1〉
= ψ−1∞ Xi(z)(ψN+1(v(N) ∧ uM−N) ∧ |M −N〉)
= ψ−1∞ Xi(z)(ψ∞(v(N) ∧ uM−N ∧ |M −N − 1〉),
This is exactly the statement of the Proposition 12 (i 6= n−1). For the case i = n−1
we use Lemma 7 (6.12) - (6.14) and a straightforward modification of (6.41).
In view of Propositions 8 and 12 we can now define a U ′q(sln,tor)-action on the
space ∧
∞
2 V (z). By this definition each subspace FM is invariant with respect to the
U ′q(sln,tor)-action. Thus we arrive at
Theorem 13 (Varagnolo and Vasserot [14]). The q-deformed Fock space FM is a
U ′q(sln,tor)-module. The actions of Xi(z) (X = E, F or K
±, 1 ≤ i ≤ n−1) are deter-
mined in subsection 5.1 by the Chevalley generators. The actions of X0(z) (X = E, F
or K±) are determined by ψ−1∞ X1(p
1/nz)ψ∞ (in this notation X1(p
1/nz) act on FM+1,
but X0(z) act on FM).
Remark One can verify that the action of the subalgebra U
(2)′
q (ŝln) coincides with
the level-1 action of U ′q(ŝln) defined in Section 5.2, because we have X0 = ψ
−1
∞ X1ψ∞
(X = E, F or K±) (Xi is the Chevalley generator of the level-1 action of U
′
q(ŝln)
defined in Section 5.2). Hence the action of U ′q(sln,tor) on the Fock space has the level
(0, 1).
6.2. Action of U ′q(sln,tor) on level-1 irreducible U
′
q(ŝln)-modules. In the paper
[8] it was demonstrated that the Fock space FM admits an action of the Heisenberg
algebra H which commutes with the level-1 action U1 of the algebra U
′
q(ŝln). The
Heisenberg algebra is a unital C-algebra generated by elements 1, Ba with a ∈ Z6=0
which are subject to relations
[Ba, Bb] = δa+b,0a
1− q2na
1− q2a
. (6.42)
The Fock space FM is an H-module with the action of the generators given by [8]
Ba =
∞∑
i=1
zai . (6.43)
Let C[H−] be the Fock space of H , i.e., C[H−] = C[B−1, B−2, . . . , ]. The element
B−a (a = 1, 2, . . . ) acts on C[H−] by multiplication. The action of Ba (a = 1, 2, . . . )
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is given by (6.42) together with the relation
Ba · 1 = 0 for a ≥ 1. (6.44)
Let Λi (i ∈ {0, 1, . . . , n− 1}) be the fundamental weights of ŝl
′
n. And let V (Λi) be
the irreducible (level-1) highest weight module of U ′q(ŝln) with highest weight vector
V (Λi) and highest weight Λi.
The following results are proven in [8]:
• The action of the Heisenberg algebra on FM and the action U1 of U
′
q(ŝln) com-
mute.
• There is an isomorphism
ιM : FM ∼= V (Λi)⊗ C[H−] (M = i mod n) (6.45)
of U ′q(ŝln)⊗H-modules normalized so that ιM(|M〉) = V (Λi)⊗ 1.
In general the level-0 U ′q(ŝln)-action U0 does not commute with the Heisenberg alge-
bra. However if we choose the parameter p in U0 in a special way, then the following
result holds:
Proposition 14. At p = 1 we have
[U0, H−] = 0. (6.46)
Proof. Let w ∈ F kM . Then by Proposition 10 for any l ≥ k there is a unique
w(s+nl) ∈ V
s+nl,k
M such that
w = w(s+nl) ∧ |M − s− nl〉. (6.47)
Let m ≥ 1 and let us act with B−m on the w:
B−mw = (B
(s+nl)
−m w(s+nl)) ∧ |M − s− nl〉+ w(s+nl) ∧ B−m|M − s− nl〉,
(6.48)
where B
(N)
−m =
∑N
i=1 z
−m
i (N = 1, 2, . . . ). In view of (6.47) and (6.43) in the second
summand above we may write
w(s+nl) = w(s+nk) ∧ uM−s−nk ∧ uM−s−nk−1 ∧ . . . uM−s−nl+1, (6.49)
B−m|M − s− nl〉 = uM−s−nl+nm ∧ uM−s−nl−1 ∧ uM−s−nl−2 ∧ . . . +
(6.50)
+ uM−s−nl ∧ uM−s−nl+nm−1 ∧ uM−s−nl−2 ∧ . . . +
+ uM−s−nl ∧ uM−s−nl−1 ∧ uM−s−nl+nm−2 ∧ . . . +
+ · · · .
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Now let us choose l to be greater or equal to k +m. Then by Lemma 2.2 in [8] the
second summand in (6.48) vanishes and we have
B−mw = (B
(s+nl)
−m w(s+nl)) ∧ |M − s− nl〉. (6.51)
The degree of B−mw is equal to k +m. Note that since m ≥ 1 we have also
B
(s+nl)
−m w(s+nl) ∈ V
s+nl,k+m
M . (6.52)
Therefore by definition (5.25) of the action U0 for any element a of U
′
q(ŝln) we have
(note that l ≥ k +m):
aB−mw =
(
a(s+nl)B
(s+nl)
−m w(s+nl)
)
∧ |M − s− nl〉. (6.53)
At p = 1 the operators a(N) and B
(N)
a commute for all finite N and non-zero a
since B
(N)
a are symmetric in z1, . . . , zN and thereby commute with the operators
Y
(N)
1 , . . . , Y
(N)
N .
Thus we have
aB−mw =
(
B
(s+nl)
−m a
(s+nl)w(s+nl)
)
∧ |M − s− nl〉. (6.54)
Taking into account that degree of aw is equal to the degree of w and is equal to k
we may repeat the discussion leading to (6.51) and find that
aB−mw = B−maw. (6.55)
Remark Note that it is not true that U0 at p = 1 commutes with the subalgebra
H+ generated by 1, B1, B2, . . . . This fact is known from consideration of the Yangian
limit in [12]. If we attempt to repeat the discussion in the proof of the preceding
proposition for B−m with negative m, we find that the inclusion (6.52) fails to hold
in general.
Let H ′− be the non-unital subalgebra in H generated by B−1, B−2, . . . . Proposition
14 allows us to define a level-0 U ′q(ŝln)-module structure on the irreducible level-1
module V (Λi) (i ∈ {0, 1, . . . , n− 1}). Indeed from this proposition it follows that the
subspace
H ′−FM ⊂ FM (6.56)
is invariant with respect to the action U0 at p = 1 and therefore a level-0 action of
U ′q(ŝln) is defined on the quotient space
FM/(H
′
−FM) (6.57)
which in view of (6.45) is isomorphic to V (Λi) with i = M mod n. We do not know
whether this level-0 action coincides with the level-0 action defined in the paper [7].
However the Yangian limit considered in [12] suggests an affirmative answer to this
question. The results of [12] also lead to the following conjecture:
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Conjecture 1. At p = q2n we have
[U0, H+] = 0. (6.58)
According to Lemma 2 the subalgebras U1 and U0 generate the action of U
′
q(sln,tor)
on the Fock space, hence combining Proposition 14 with the fact that U1 commutes
with the Heisenberg algebra, we find that the toroidal action at p = 1(κ = q) com-
mutes with H−. Repeating the discussion leading to the equation (6.57) we conclude
that
Proposition 15. The highest weight irreducible U ′q(ŝln) module V (Λi) (i = 0, . . . , n−
1) is a level (0, 1) toroidal module with κ = q. In this module the action of the
subalgebra U
(2)′
q (ŝln) coincides with the level 1 action of U
′
q(ŝln). And the action of the
subalgebra U
(1)′
q (ŝln) is induced from the level 0 U
′
q(ŝln)-action U0 on the Fock space.
6.3. Irreducibility of the Fock space as a toroidal module. At q = 1 both
U
(1)′
q (ŝln) and U
(2)′
q (ŝln) are isomorphic to U
′(ŝln). Action of these subalgebras on the
Fock space FM is now given by the generators
Ei = ei =
∞∑
j=1
Ei,i+1j , Fi = fi =
∞∑
j=1
Ei+1,ij , (6.59)
Hi = hi =
∞∑
j=1
Ei,ij − E
i+1,i+1
j , (i = 1, 2, . . . , n− 1) (6.60)
e0 =
∞∑
j=1
p−DjEn,1j , f0 =
∞∑
j=1
pDjE1,nj , (6.61)
E0 =
∞∑
j=1
zjE
n,1
j , F0 =
∞∑
j=1
z−1j E
1,n
j , (6.62)
h0 = −h1 − h2 − · · · − hn−1, (6.63)
H0 = 1−H1 −H2 − · · · −Hn−1. (6.64)
It is straightforward to verify that these generators are well-defined on the Fock space
provided we specify normalization of the Cartan subalgebra in sln as
Hi|M〉 = hi|M〉 = δ(M ≡ i mod n)|M〉 (i = 1, 2, . . . , n− 1).
(6.65)
The affine Lie algebra ŝl
′
n is realized as the central extension of the loop algebra
sln ⊗ C[t, t
−1] by the center Cc, so that if x(m) = x ⊗ tm for x ∈ sln, then a system
of generators for U ′(ŝln) is provided by Ei,j(m) (i 6= j ∈ {1, . . . , n}), Hi(m) (i ∈
{1, . . . , n− 1}, m ∈ Z) and c, where Ei,j are matrix units regarded as generators of
sln and Hi = Ei,i − Ei+1,i+1.
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In terms of these generators the action of U
(2)′
q (ŝln) is given by
Ei,j(m) =
∞∑
k=1
zmk E
i,j
k , Hi(m) =
∞∑
k=1
zmk (E
i,i
k − E
i+1,i+1
k ), c = 1.
(6.66)
Proposition 16. Let q = 1 and |p| 6= 1. Then the Fock space FM is an irreducible
module of the algebra U ′q(sln,tor).
Proof. Let Bm (m ∈ Z \ {0}) be the generators (6.43) of the H-action on FM . A
computation shows that we have
Bm =
n−1∑
i=1
(i+
pm
1− pm
)Hi(m) +
npm
p2m − 1
[[E1,n(0), [En,1(m), f0]], e0]
(6.67)
and therefore the Heisenberg action is included into the action of toroidal algebra.
This implies that the U
(2)′
q (ŝln)⊗H action is included into the toroidal action as well.
However the former action is irreducible in view of the decomposition (6.45).
Corollary 3. Let |p| 6= 1. Then there is ǫ > 0 such that the Fock space FM is an
irreducible module of the algebra U ′q(sln,tor) for all q with |q − 1| < ǫ.
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